We consider a system of dynamically-modulated photonic resonator lattice undergoing photonic transition, and show that in the ultra-strong coupling regime such a lattice can exhibit non-trivial topological properties, including topologically non-trivial band gaps, and the associated topologically-robust one-way edge states. Compared with the same system operating in the regime where the rotating wave approximation is valid, operating the system in the ultra-strong coupling regime results in one-way edge modes that has a larger bandwidth, and is less susceptible to loss. Also, in the ultra-strong coupling regime, the system undergoes a topological insulator-tometal phase transition as one varies the modulation strength. This phase transition has no counter part in systems satisfying the rotating wave approximation, and its nature is directly related to the non-trivial topology of the quasi-energy space.
insulators has been demonstrated [22] . Also, time-dependent refractive-index modulations can be used to create an effective magnetic field [23] , which can break time-reversal symmetry and create a one-way edge state that is topologically protected against arbitrary disorders.
All previous works on the topological behaviors of dynamically modulated systems have considered only the weak-coupling regime where the modulation strength is far less than the modulation frequency, and applied the rotating wave approximation (RWA). On the other hand, in recent years, the study of light-matter interactions in the ultra-strong coupling regime, where the rotating wave approximation is no longer valid, is becoming important [24] [25] [26] [27] [28] [29] [30] [31] . It is therefore of fundamental importance to understand topological effects beyond the rotating wave approximation.
In this Letter, we analyze a time-dependent Hamiltonian first proposed in Ref. [23] for achieving an effective magnetic field for photons. Unlike Ref. [23] , however, here we focus the ultra-strong coupling regime where the rotating wave approximation is no longer valid.
Experimentally, reaching such ultra-strong coupling regime is in fact relatively straightforward with current photonic technology [32] . For this system in the ultra-strong coupling regime, we show that the topologically protected one-way photonic edge states can persist over a broad parameter range. Compared with the weak-coupling regime, the topologically protected one-way edge state is less susceptible to intrinsic losses. We also show that, as one varies the modulation strength, there is a topological phase transition that is uniquely associated with the ultra-strong coupling regime, and has no counter part in weak-coupling systems.
We start with the Hamiltonian [23] 
which describes a lattice of photonic resonators as shown in Figure 1 . The lattice consists of two sub-lattices, each consisting of resonators of resonant frequencies ω A and ω B , respectively. a † (a) and b † (b) are the creation (annihilation) operators associated with the resonators in the two sub-lattices. The coupling between the resonators are modulated dynamically, where V is the maximum coupling strength, Ω = ω A − ω B is the modulation frequency, and φ mn is the modulation phase. Such a modulation drives a photonic transition [33] between nearest neighbor resonators. Eq. (1) can be transformed to the rotating frame with
The Hamiltonian then becomes
where the first two terms define the HamiltonianH RWA in the rotating wave approximation, and the last two terms are commonly referred as the counter-rotating terms.
Ref. [23] considered the weak-coupling regime where V ≪ Ω and applied the rotating wave approximation by ignoring the counter-rotating terms in Eq. (3). In this case,H ≃ H RWA becomes time-independent, and is identical to the Hamiltonian of a quantum particle on a lattice subject to a magnetic field described by a vector potential A, with φ mn = n m A · dl [34] . Such an effective magnetic field provides a new mechanism for controling the propagation of light [35] [36] [37] [38] . In particular, it can be used to achieve a topologically protected one-way edge state [23] .
However, from an experimental point of view, it is important to explore the topological behavior of the Hamiltonian of Eq. (1) beyond the weak-coupling regime. The required modulation in Eq. (1) can be achieved electro-optically [32] , in which case
where n is the refractive index, δn is the strength of the index modulation, and ω 0 is the operating frequency. For electro-optic modulation of silicon, to minimize free-carrier loss, δn/n ≈ 10 −5 − 10 −4 [39] . Optical communication typically uses an ω 0 corresponding to a free-space wavelength near 1.5 micron. Thus V is typically between 10-100 GHz. On the other hand, the modulation frequency Ω in electro-optic modulation is also on the order of 10-100 GHz [32] . Thus, experimentally one can readily operate in the regime with V ∼ Ω. Similar conclusion can be reached for the acoustic-optical modulation scheme implemented in Ref. [14] for achieving a photonic gauge potential. Unlike the electronic transition, where reaching the ultra-strong coupling regime is a significant challenge [40] [41] [42] [43] , for photonic transition [33] it is in fact rather natural that the system operates in the ultrastrong coupling regime. Thus, systems exhibiting photonic transition can be readily used to explore the physics of ultra-strong coupling.
To explore the topological properties of Eq. (1) Our Floquet band structure analysis follows that of Refs. [44, 45] . The system in Figure   1 is periodic spatially. Therefore the Hamiltonian can be written in the wavevector space We now examine the Floquet band structure of the system.H has a spatial periodicity of 4a by 2a along the x and y directions, respectively. Thus, its Floquet band structure has 8 bands, as we can see in Figure 2 .
As a comparison, we first consider the band structure of the HamiltonianH RWA as defined by ignoring the counter-rotating terms in Eq. In the RWA band structure, there are two gaps separating the middle group of four bands from the upper and the lower groups, each of two bands, respectively. These gaps are topologically non-trivial, as can be checked by calculating the Chern number [20] : where the summation is over the group of bands, each band indiced by a different α.
The Chern numbers for the upper, middle and lower groups of bands are +1, -2, +1, re- Having reviewed the band structure ofH RWA , we now consider the Floquet band structure of the full HamiltonianH. Figure 2a shows the cases of V = 0.02Ω, the Floquet band structureH agrees very well with that of theH RWA .
As one increases V to approximately V > 0.1Ω, the RWA is no longer adequate to describe the band structure ofH. Hence, it is no longer possible to interpret the bandstructure using the concept of an effective magnetic field. Nevertheless, the two gaps remain open for V ranging from near zero to 1.1Ω (see Figures 2) . Therefore, in this range of V , the Chern numbers for the upper, middle and lower groups of bands must remain unchanged at +1, -2, +1, respectively, and hence the topological aspects of the band structure remains the same as one goes into the ultra-strong coupling regime.
As V increases from 0, the bands gradually move away from ε = 0, and start to occupies A key signature of a topologically non-trivial band gap is the existence of a one-way edge state in a strip geometry. We therefore calculate the projected Floquet band structure for a strip that is infinite in the y-direction and has a width of 21a in the x-direction. The projected band structure consists of the quasi energy of all the eigenstates of the system as a function of k y . The projected band consists of three groups of bands separated by two topologically non-trivial band gaps. We observe the existence of one-way edge mode that spans these topologically non-trivial band gaps, as shown in Figure 4b with V = 0.5Ω. Thus the one-way edge state persist in the ultra-strong coupling regime.
For applications of one-way edge modes to carry information, optimizing the bandwidth of such a one-wage edge mode is important. Since the one-way edge mode spans the topologically non-trivial band gap, the size of such a gap becomes a good measure of the bandwidth of the one-way edge mode. In Figure 4a , we plot the size of the topologically non-trivial band gap, as a function of modulation strength V . The bandwidth increases with V for small V , peaks at V = 0.5Ω, and then decreases to zero signifying the topological phase transition mentioned above. For a given modulation frequency Ω therefore, the bandwidth of the one-way edge mode maximizes at the ultra-strong coupling regime.
The one-way edge mode is topologically robust against disorder-induced back-scattering.
However, such a mode is still susceptible to intrinsic losses of the materials. For practical application then mitigation of the effect of intrinsic loss is important. For a given modulation frequency Ω, operating in the ultra-strong coupling regime results in the one-way edge modes that have larger group velocities, and hence are less susceptible to loss, as compared to operating in the weak-coupling regime. As an illustration, we consider a finite structure described by the Hamiltonian of Eq. (1) of a size of 20a by 20a ( Figure 5 ). We consider two systems in the weak-coupling and ultra-strong coupling regime, corresponding to V = 0.02Ω, and V = 0.5Ω, respectively. To probe the systems, we place a point source at the location In summary, we consider a system of dynamically-modulated photonic resonator lattice undergoing photonic transition, and show that such a lattice can exhibit non-trivial topological properties in the ultra-strong coupling regime. From an experimental and practical point of view, for the same modulation frequency, operating the system in the ultra-strong coupling regime results in one-way edge modes that has a larger bandwidth, and is less susceptible to loss, as compared to operating the same system in the weak-coupling regime.
Our work therefore should provide useful guidance to the experimental quest in seeking to demonstrate topological effects related to time-reversal symmetry breaking on-chip [32] . We also show that in the ultra-strong coupling regime, the system undergoes a topological phase transition as one varies the modulation strength. This phase transition has no counter part in weak-coupling systems, and its nature is directly related to the non-trivial topology of the quasi-energy space. In the context of recent significant fundamental interests in exploring the ultra-strong coupling physics [24] [25] [26] [27] [28] [29] [30] [31] [40] [41] [42] [43] , our work points to the exciting prospect of exploring non-trivial topological effects in ultra-strong coupling regime.
